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On the convergence of an exotic formal series solution of an ODE
R.R.Gontsov1, I. V.Goryuchkina2
We consider a non-linear ordinary differential equation (ODE)
F (x, y, δy, . . . , δny) = 0, (1)
where δ = x(d/dx) and F (x, y0, y1, . . . , yn) is a holomorphic function in a small polydisc
∆ = {|x| < ρ, |yj| < εj, j = 0, . . . , n}.
Suppose that the equation (1) possesses a formal solution y = ϕ,
ϕ =
∞∑
k=0
αk(x
iη)xk, i =
√−1, η ∈ R \ {0}, (2)
where αk(t) are meromorphic functions at the origin:
αk(t) = t
−rk
∞∑
ℓ=0
αkℓ t
ℓ, trkαk(t) ∈ C{t}, rk ∈ Z,
with some common punctured disc D = {0 < |t| < ε} of convergence.
The series (2) will be called exotic, in the terminology of A.D.Bruno [1]. In particular,
the Painleve´ III, V, VI equations possess formal solutions of such type [2], [3], [8]. Thus,
our present goal is to obtain some general condition for the convergence of an exotic
formal series solution of the equation (1). In this sense, our work continues a series of
articles where similar questions were studied for generalized formal power series [4], [6]
and formal Dulac series [7], which were inspired by the original paper of B.Malgrange [9]
on the classical formal power series solutions of a non-linear ODE.
Theorem 1. Let (2) be a formal solution of the equation (1) :
F (x,Φ) = 0, Φ := (ϕ, δϕ, . . . , δnϕ),
such that
∂F
∂yn
(x,Φ) 6≡ 0. Furthermore, let each exotic formal series ∂F
∂yi
(x,Φ) be of the
form
∂F
∂yi
(x,Φ) = Bi(x
iη)xN +Di(x
iη)xN+1 + . . . , i = 0, 1, . . . , n,
with the same N for all i, Bn 6≡ 0 and
ord0Bi > ord0Bn, i = 0, 1, . . . , n.
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Then the series (2) converges uniformly in some open sector S ⊂ C \ R+ with the vertex
at the origin and of sufficiently small radius.
We give a sketch of the proof of Theorem 1 in a series of lemmas. The first one is on the
reduction of the initial equation to a special form, with the proof in a spirit of Malgrange’s
proof [9] of the corresponding lemma for a classical formal power series solution.
Lemma 1. Under the assumptions of Theorem 1, there exists m′ ∈ N such that for
any m > m′, the transformation
y =
m∑
k=0
αk(t)x
k + xmu (3)
reduces the equation (1) to an equation of the form
xiη r
n∑
i=0
Ai(x
iη) (δ +m)iu = xM(xiη, x, u, δu, . . . , δnu), (4)
where r ∈ Z+, Ai(t) are holomorphic near t = 0, An(0) 6= 0, M(x, t, u0, . . . , un) is
holomorphic near 0 ∈ Cn+3.
The reduced equation (4) possesses an exotic formal series solution
ψ =
∞∑
k=1
ck(x
iη r) xk, ck(t) = αk+m(t) = t
−νk
∞∑
ℓ=0
ckℓ t
ℓ, (5)
moreover, this is its unique formal solution of such a form, since the integer m can be
chosen in such a way that for any k > 1, a Fuchsian linear differential operator (near
t = 0)
n∑
i=0
Ai(t)
(
k +m+ i η t
d
dt
)i
has no integer exponents. To prove Theorem 1, one should prove the convergence of the
series ψ.
Let us denote
L(δ)u :=
n∑
i=0
Ai(0)(δ +m)
iu,
xiη H(xiη, u, δu . . . , δnu) := L(δ)u−
n∑
i=0
Ai(x
iη)(δ +m)iu,
and write down the equation (4) in the form
xiη rL(δ)u = xiη(r+1)H(xiη, u, δu . . . , δnu) + xM(xiη, x, u, δu, . . . , δnu). (6)
First, by the equation (6) we construct an algebraic equation
tr σ v = tr+1H˜(t, v, v, . . . , v) + x M˜(t, x, v, v, . . . , v), σ > 0, (7)
2
majorant for the equation (6) in the sense that it has a unique formal solution of the form
ψ˜ =
∞∑
k=1
Ck(t) x
k, Ck(t) = t
−νk
∞∑
ℓ=0
Ckℓ t
ℓ, Ckℓ > 0, (8)
and |ckℓ| 6 Ckℓ for all k, ℓ. Let us briefly describe this construction.
The functions H,M of the right hand side in (6) are represented by power series
convergent in D ×∆:
H(t, u0, . . . , un) =
n∑
i=0
∞∑
s=0
hs,i t
sui, hs,i ∈ C,
M(t, x, u0, . . . , un) =
∑
(s,p,Q)∈Zn+3
+
αs,p,Q t
s xp uq00 u
q1
1 . . . u
qn
n ,
Q = (q0, q1, . . . , qn), αs,p,Q ∈ C.
Then the functions H˜, M˜ in the equation (7) are defined as follows:
H˜(t, v, . . . , v) =
n∑
i=0
∞∑
s=0
|hs,i| tsv,
M˜(t, x, v, . . . , v) =
∑
(s,p,Q)∈Zn+3
+
|αs,p,Q| ts xp vq0vq1 . . . vqn.
The number σ is defined by the formula
σ = inf
k∈N
ℓ∈Z+
|L(k +m+ (ℓ− kr)i η)|.
This value is strictly positive, as L(k +m+ (ℓ− kr)i η) 6= 0 for k ∈ N, ℓ ∈ Z+.
Lemma 2. The equation (7) has a uniquely determined formal solution of the form
(8), which is majorant for the exotic formal series solution (5) of the equation (6): |ckl| 6
Ckl.
The proof of this lemma is somehow similar to that of Lemma 2 from [5], where a
proof of Malgrange’s theorem for a classical power series by the majorant method was
proposed.
The second step is to prove the convergence of the series (8). Let us write down the
equation (7) in the form
v =
t
σ
H˜(t, v, . . . , v) +
x
σtr
M˜(t, x, v, . . . , v). (9)
Its right hand side is holomorphic in the domain
D˜ = {0 < τ < |t| < ε, |x| < ρ, |v| < εn},
and we have
M = sup
D˜
∣∣∣ t
σ
H˜(t, v, . . . , v) +
x
σtr
M˜(t, x, v, . . . , v)
∣∣∣ < +∞.
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Further we look at the equation (9) as at an equation in two variables x, v, with a
nonzero parameter t. For each fixed value t = t0, τ < |t0| < ε, such that
t0
σ
n∑
i=0
∞∑
s=0
|hs,i| ts0 6= 1,
we can apply the implicit function theorem to the equation (9). According to this theorem,
the equation has a unique holomorphic solution v = v(x, t0) in some open disc
Vt0 =
{
|x| < ρ
( εn
εn + 2Mt0
)2}
, Mt0 6M,
whose power series should coincide with the formal series (8), for t = t0. Hence, the latter
converges uniformly in some open domain
V =
{
0 < τ < |t| < τ ′, |x| < ρ
( εn
εn + 2M
)2}
,
which concludes the proof of Theorem 1.
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